INSTABILITIES FOR SUPERCRITICAL SCHRODINGER 
EQUATIONS IN ANALYTIC MANIFOLDS 



BY Laurent Thomann 



Abstract. — In this paper wc consider supercritical nonlinear Schrodinger equations 
in an analytic Riemannian manifold (M'^,g), where the metric g is analytic. Using 
an analytic WKB method, we are able to construct an Ansatz for the semiclassical 
equation for times independent of the small parameter. These approximate solutions 
will help to show two different types of instabilities. The first is in the energy space, 
and the second is an immediate loss of regularity in higher Sobolev norms. 



1. Introduction 

Let {M'^,g) be an analytic Riemannian manifold of dimension d > 3. In all 
the paper we assume that the metric g is analytic. Let p an odd integer. 
We consider the nonlinear Schrodinger equation 



(LI) 



idtu + AgU ^ Ldluf^u, (t, x) e M X Af*, 
u{0,x) = uo{x), 



with either lo = 1 (defocusing equation) or w = — 1 (focusing equation). 
Here A = Ag denotes the Laplace-Beltrami operator defined by A = divV. 
It is known that the mass 

(1-2) ||u(t)||i2(Md) = ||uo||L2(Md), 
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and the energy 

(1.3) Hiu){t) = [ (hvu\' + ^\ur^)dx = Hiuo,u;), 

are conserved by the flow of (|l.ip . at least formally. 
Denote also by 

(1.4) H+{u)^f (i|Vz.p + ^|^ri)dx. 

Jj\/<i ^2 p+l J 

In the following we will need the definition of uniform well-posedness : 

Definition 1.1. — Let X be a Banach space. We say that the Cauchy prob- 
lem p.ip is locally uniformly well-posed in X , if for any bounded subset B d X, 
there exists T > and a solution u G C([— T, T]; of (II. ip and such that the 
flow map 

uo e S I — > u(i) = $t(uo) e ^, 

is uniformly continuous for any —T<t<T. 
1.1. Instability in the energy space. — 

By the works of J. Ginibre and G. Velo [lOJ, T. Cazenave and F. B. Weissler 
[7], we know that p.ip is locally uniformly well-posed in the energy space 
X = H'^{R^)r]LP+\R'^) = H\R'^) whenp< {d + 2)/{d-2). 
Our first result states that this result does not hold when p > {d + 2)/{d — 2) 
is an odd integer. 

Theorem 1.2. — Let p > {d + 2)/{d — 2) be an odd integer, uj e {—1, 1}, 
and let be given by (II. 4p . Let m G Af^. There exist a positive sequence 
rn — > 0, and two sequences Uq,uq" G C^{M'^) of Cauchy data with support in 

the ball {|a; — m\g < r„}, a sequence of times tn s- 0, and constants c, C > 

such that 

(1.5) H+iu^)<C, if+(SS")<C, 

(1.6) H'^{uq — uq") — > 0, when n — > +oo, 
and such that the solutions u", u" of (jl.ip satisfy 

(1.7) limsup /" |(M"-M")(<„)|^+^da; > c. 

Moreover, the sequences Uq , uq" can be chosen such that there exist i^o > and 
Qo > P + I7 such that for all < < vq and p+l < q < qo, 

(1.8) ||Uo - ^io"ll/fi + -(M'') + ll"o - "o"IU<!(A/<i) — ' 0. 
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For A; G M, the norm || • \\h''{M'^) is defined by 

\\f\\H''{M<i) = 11(1 - ^)'°^^/IIl2(M<1)- 

R. Carles [6] obtains a similar result for the defocusing cubic equation in M.'^. 
An analog of Theorem 11.21 was proved by G. Lebeau [T^ for the supercritical 
wave equation, but for a nonlinearity of the form u^. After a rescaling of (jl.ip 
to a semiclassical equation, we also have an almost finite speed of propagation 
principle. This is one reason why such a result was expected for nonlinear 
supercritical Schrodinger equations. 



1.2. Ill-posedness in Sobolev spaces. — 

Assume here that {M'^,g) is the euclidian space with the canonical metric 
{M'^,g) = (M'',can). Let T > and let u :] - T,T[xM.'^ — > C satisfy (frTjl . 
Then for all A e M 

: ] - \-^T, X-'^T[xW'- — > C 

{t,x) I — > = A^u(A2t, Ax), 

is also a solution of (jl.ip . 

Define the critical index for Sobolev well-posedness 

(1-9) ^c=i 



2 p-1 

Then, for aU / e i7'"-(R'^) (the homo geneous Sobolev space) and A G M 

Ap-1 ||/(A-)||^„^(jjd) = 

This scaling notion is relevant, as we have the following results : 

• Let (7 > tTc, then the equation is locally uniformly well-posed in X = 

• If < cr < CTc, the problem is ill-posed in H"'{M.'^), in the sense that 
there exist a sequence of initial data Uq so that 

WuqWh'^ («.'') — > 0, 

and a sequence of times i„ — > such that the solution li" of (|l.ip satisfies 

\\u"-{tn)\\HP(Ri) > +00, 

for p = CT (see Christ- Colliander-Tao [5]), or even for all p €]cr/(| — f),"'] in 
the particular case oj = 1 and p = 3, (see Carles [S] and Alazard-Carles [2j). 

Here we prove 
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Theorem 1.3. — Assume that {M'^.g) — iW^.can). Let p > i be an odd 
integer, uj S {—1, 1}, and let < a < d/2 — 2/{p — 1). There exist a sequence 
iIq G C°°(M'^) of Cauchy data and a sequence of times Tn — > such that 



(1.10) ||uq ||/f-,T(Rd) > 0, when n > +oo, 

and such that the solution u" of (|l.ip satisfies 
(1.11) 

ll'""(''n.)llff''(R'*) — > +00, when n > +oo, for all pG 



In the general case of an analytic manifold {M^,g) with an analytic metric g, 
we obtain the weaker result 

Theorem 1.4. — Let p > 3 be an odd integer, uj g {—1, 1}, and let < cr < 
d/2 — 2/{p — 1). Let m e M'^ . There exist a positive sequence rn — > and a 
sequence Hq £ C^{M'^) of Cauchy data with support in the ball ||a;— m|g < 
a sequence of times t„ > such that 

W^oW H" {M'') — ^ 0: when n — > +cxd, 
and such that the solution of ()1.1|) satisfies 



II '""(''") 1 1 * +00, when n 

where /(cr) is defined by 



+00, for all pE L{a),a 



I{a) 



far 0<a<f-^, 

for f_^<a<f-^. 



In the case p = 3 and ui — 1, Theorem 11.31 was shown by R. Carles [S] using 
the convergence of the WKB method for C°° data (see [TT], [12] ). Recently, T. 
Alazard and R. Carles [1] have obtained a justification for nonlinear geometric 
optics when p> 3 with H°° data. 
Consider now the semiclassical equation 



(1.12) 



ihdtv + h Av — \v\ 



In T. Alazard and R. Carles prove that for all non trivial initial condition 
u(0, •) e 5(M'*), the solution v of ()1.12|) oscillates immediately: There exists 
r > so that 

liminf III W|'*w(t) 11^2 (Kd) > 0, 

for all s g]0, 1]. This yields the result of Theorem 1 1.31 for the defocusing equa- 
tion in the euclidien space for any smooth Cauchy condition. Their method 
does not apply to the focusing case. 
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Denote by dsob the Sobolev exponent so that H'^-°^{W^) C LP+^{M.'^), i.e. 

d 

(1-13) (Jsob = t; 



2 p+1 

Let p > {d + 2)/{d — 2), then Csob < cTc- As pointed out by G. Lebeau and R. 
Carles, for a — (Tsob, Theorem 1 1 . 31 yields 

\\Ua\\H'-sab(Rd) > 0, ||?i"(T„)||^p(Rd) — > +00, 

for all p GjljCTgob]- This interval can not be enlarged. Indeed, for all p < 1, 
the conservation of the quantities (11. 2|) and ()1.3p together with the embedding 
7j^=ob(]^d) ^ LP+i(M'') yield for all r > 

ll^i"(T)||HP(R^) * 0. 

See also [4]. 

G. Lebeau [TJ obtains a stronger result for the wave equation in (R'',can), 
with the same range for p in (jl.lip , but the loss of derivatives is obtained with 
only one one Cauchy condition, instead of a sequence. 

Theorem 11.21 can not be deduced from Theorem 11.31 In fact, the sequences 
constructed with a — 1 such that 

WKWhhm"-) — > 0, ||u"(T„)||^i(Afd) — > +00, 
satisfy H^{uq) — > +oo, when n tends to infinity. 

The instabilities of Theorems 1 1 . 2[ [T31 and \TM are not geometrical effects, they 
are only caused by the high exponent of the nonlinearity. 
We could also consider more general analytic nonlinearities, for instance 
±(1 + |m|2)"/2w with a> {d + 2)/{d - 2). 

Notice that the focusing case with non analytic Cauchy conditions is more in- 
tricate, as other phenomenons are involved, like finite time explosion. 

The main ingredient of the proof of our results is the construction of approxi- 
mate solutions of (jl.ip . via analytic nonlinear geometric optics, as done by P. 
Gerard in [TT]. This work will be adapted to the case {M'^,g) = (R'^,can). We 
will work in weighted spaces, so that these solutions concentrate in a point of 
R'', and then the construction in {M'^,g) will follow directly, as we are able to 
work only in one local chart. 

The plan of the paper is the following 

1 . We first construct a formal solution of p.ip . 

a) In Section [H we deal with the case (M^'-^g) = (R'',can) : First we reduce 
(jl.ip to a semiclassical equation as done in [13] and [5], then we adapt the 
analytic WKB method given in [TT] to R'^. 

b) In Section 12.21 we consider the general case of an analytic manifold with 
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an analytic metric. 

2. We obtain a family of approximate solutions of (ll.ip . (Section [3|) 

3. Using two different rates of concentration of this family, we prove the main 
results. (Section U]) 

Notations 1.5. — In this paper c, C denote constants the value of which may 
change from line to line. These constants will always he independent of h. We 
use the notations a ^ h, a "^h if < a < Cb , a < Cb respectively. We write 
a <^ b if a < Kb for some large constant K which is independent of h. 

Acknowledgements. — The author would like to thank N. Burq his adviser 
for this interesting subject and his guidance, and P. Gerard for giving his per- 
mission to reproduce a part of the work |llj in the appendix. The author is 
also grateful to S. Alinhac and T. Alazard for many enriching discussions and 
clarifications. 



2. Nonlinear geometric optics 

2.1. The Euclidian case. — 

2.1.1. Reduction to a semiclassical equation. — Following |13j . [S], we reduce the 
equation (jl.ip to a semiclassical equation, and therefore make the following 
change of variables and unknown function 



(2.1) 



t — h°'s, X — hz, h — , 

u{h°'s, hz) = h'^v{s, z, h), 



where h g]0, 1] is a small parameter, and where /? > 0. The value of /? will be 
given in Section 01 in terms of p and d to prove Theorem 11.21 in terms of 
p, d and a to prove Theorem 1 1.31 
If we choose 

(2.2) + (p-l)7 = -2(/3+l), 

we are lead to studying the Cauchy problem 

J ihdsv{s, z) + h'^Av{s, z) = ui\vY'~^v{s, z), 
I w(0,z) = vn{z). 



(2.3) 



Following the ideas of nonlinear geometric optics, we can search a solution of 
for small times (but independent of K) of the form 



(2.4) z;(s,z,/i) = a(s,z,;i)e*^("'")/\ 

where formally 
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(2.5) a{s, z, h) — Qj(s, z)h^ . 

Then w is a formal solution of equation (j2.3p if the couple {S, a) satisfies the 
system 



(2.6) 



dsa + 2VS ■ Va + aAS - ihAa + ^-^(\a\P-'^ ~ laoT"^) 

h 



5(0, z) = 5°(z), a(0, z, /i) = a°(z, /i), 
where v{0, z, h) = a°{z, /i)e'^''(^)/''. 

In fact to obtain the system (|2.6p . plug (|2.4p in equation (|2.3I) and identify 
the coefficients in the expansion in powers of h. The first equation of (|2.6p 
corresponds to the coefficients of and the second to the others, after division 
by h. Notice that S will be a real function, if the data S{0, •) is real. 
The WKB method consits now in plugging the developement given by (|2.5p 
in (|2.6p . Annihilating the coefficients of , for j > 0, yields a cascade of 
equations. And if we are able to solve them, this gives an approximate solution 
Wapp of ^ 

(2.7) ihdsV^pp + /l^AVapp = |t;appr"'fapp + 0{h°^). 

Unfortunately, the obtained system is not closed: the equation which gives aj 
depends on aj+i. 

Moreover, in general, using (|2.7p . we can show that Wapp is close to a solution 
of ([231) only for times s e [0, C/i log i]. See [U], CoroUaire I. 

To obtain an Ansatz for /i-independent times, we work in an analytic frame. 
Thus in the following we will consider z as a complex variable. 

2.1.2. Construction of a formal solution of (|2.3p . — Here we adapt step by 
step the proof of P. Gerard ^llj given in the case of the torus T'^ to the case 

We need Sjostrand's definition [IS] of an analytic symbol. 

Definition 2.1. — We say that the formal series 6(s, z, h) = X)j>o ■^)^'' 
is an analytic symbol if there exist positive constants s^^l, A,B > such that 
for all j > 
(2.8) 

(s, z) I— !■ hj{s, z) is an holomorphic function on {|s| < sq} x {|Im z| < /}, 
and 

(2.9) |&,(s,z)| < AB^j\ on < sq} x {|Imz| < I}. 
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Notice that b has to be analytic in both variables, s and z. 

To obtain proper estimates in Sobolev norms later, we want to make sure that 
the functions are small at infinity in the space variable. Therefore we define 
the weight 

(2.10) W^(z) =e(i+^')'^', 

where = zf + ■ ■ ■ + iov any z = {zi, - ■ ■ ,Zd) € C''. Notice that W is 
analytic in the band {|Im z\ < i}, thus in the following we fix Z < i. 

We introduce the space 7i(so, I, B) composed of the analytic symbols 
b = X]j>o ^j^'' satisfying: there exist A, S > so that 

(2.11) \W{z)bj{s,z)\ < AB^jl on {\s\ < sq} x {|Imz| < I}, Vj > 0. 



(2.12) n{so,l,B) 



I b — X]j>o ^i^"* analytic symbol on 
[ ({|s| < So} X {|Im z\ < I}) s.t. bj satisfies f^TTH 
Let e < 1/B. For < 6* < 1, we can endow H{sq, I, B) with the norms 



j+e 



\\b\\e = y2-T sup sup sup \W{z)b.j{s,z)\(l-T- — 

j! 0<r<l |s|<so(l-r) |Im z|<;r ^ Sq . 

Each of these norms makes 7i(so, I, B) a complete space. 

In the following, fix < £ < 1/B, and let < h < e. Fix also sq, B > and 
I < ^- Denote by 

n^n{so,i,B), 

and define 

n° =^n{o,i,B), 

the restriction to s = of 7i, endowed with the induced norms. This is the 
space of the initial conditions. 

We will solve the system (|2.6p in {H, \\ ■ ||i) with a fixed point argument. The 
choice of the space and norms are inspired by abstract versions of the Cauchy- 
Kowaleski theorem [3] . 

We first give some properties of these norms. 

Lemma 2.2. — There exists C > such that for all 6 G [0, 1] and b^,b'^ £H 
(2.13) \\bH''\\e<C\\b^U\b'\\e. 
Proof. — Set 

= {(r, s, z) I < r < 1, |s| < So(l - t), |Im z\ < It}, 
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sup = sup sup sup 

fl 0<T<1 |s|<s(,(l-r) |Imz|</T 

Let 

=Y^ b] h\ and b^ ^^b] h\ 
be two elements of 7Y, then can be written 

oo j 

(2.14) bH'^Y.iJ2blbU>'- 

It is easy to check that there exists C > so that 

(2.15) \W{z)\<C\W{z)\^, 
on |Im z| < i. Therefore by (ITTl) and (fTTS]) 



\s\\j+e 



OO OQ ]^ II 

sup|M/(z)6|_,(.,z)|(l-r-M)^-'^-+^ 



(j-fc)! O So 
olio^lle. 



For \s\ < So, denote by ^ the operator defined by 

(2.16) ds^b^ f b{a)da for b e H, 

Jq 

and d^^ = d^^ o d^^ . We then have the following 
Lemma 2.3. — i) Let A be one of the operators 

b 1-^ V^&, b hA^b, 5 -(b- bo), 

h 

then there exists C > such that for all h g]0, e[ and b ^ TL 

(2.17) \\d:^Ab\\^<Cso\\bh. 

ii) For all 9 g]0, 1], there exists Cg such that for all h G]0, £[ and b G Ti. 



1- 



(2.18) \\d;'b\\e < Cgso\\b\ 
Hi) There exists C > such that for all h g]0, s[ and b € Ti. 

(2.19) \\d;%\\o<Cso\\bh. 
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Proof. — We can assume that ||&||i = 1. Then there exists a nonnegative 
sequence d — ((ij)j>o satisfying X]j>o '^i = 1 so that, for all j > 0, for all 
< r < 1, |s| < so(l — r), |Im z\ < It, we have 

7-1 d. 



(2.20) 



\W{z)b,{s,z)\<C 



J! 



(l-^_M).+i 



Denote by V = V^. 
Proof of i) 

• We prove the inequality H^^^Vfelli < Cso||fe|ji. Let < r < 1, \s\ < so(I-t) 
and jlm z\ < It. Let r < r' < 1. By the Cauchy formula we deduce that for 

aU \s'\ < \s\ and |Im z\ < It 

|V6,(s',z)|<^^ sup \b,{s',z')\. 

T — T z'\<It' 

Thus, as \VW\ < \Wl for all \s'\ < \s\ and |Im z\ < It 

(2.21) \w{z)Wbj{s',z)\<^^ sup \W(z')b,{s',z')\. 

'T ~ |Im z'\<It' 

Then by (f^^ and (f^^ we obtain 



W{z) / V6j(s',z)ds' 
Jo 

We now make the choice 
(2.22) 



?! 

< C—di 



d\s'\ 



(1 _ r' - J|^)J+i 



T — T = l — T , I.e. T = — (1 + r ), 

So 2 So 



then r' satisfies r < r' < 1 because < r < 1 and |s'| < (1 — t)so. 
Moreover, ((T^ yields 



l-r' 

therefore 

W{z) [ V6j(s',z)ds' 



So 



< C—d 

~ e3 ■ 



1(1-. -M 

2^ so 



d|s'| 



(l-,-M).+2 



< Cso— d, ((l - r - 
- so 



And thus, as |s| < so(l — r) 



W{z) I Vfej(s',z)ds' ( 



1-T- 



|s|v+i 



So 



) <Cso((l-(l 
< Csadj. 



(l-r)-^--i). 



so(I-t)- 
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Finally, by the previous inequality 



sup \W{z) I V6j(s',z)ds'|(l-T- ^)''+' 



"^V6||i = — sup sup 

j' 0<T<1 |s|<so(1-t) \lmz\<l 

< Csq dj < Csq, 
which was the claim. 

• The inequality ft,|j97^A6||i < Cso||6||i can be shown by the same manner 
using that h < e compensates the loss of one more derivative. 

• Denote by b' = {b - ba)/h, then for aU j > 0, b'^ = bj+i. By ((T^ 

Is' 



So 



W{z) / b,+i{s' , z)ds' 



T--)-^-i-(l-r)-^-i), 
So 



j + 1 el 

and therefore, for all < t < 1, |s| < so(l — r), |Im z\ < It and j > 



W{z) / 6,+i(s', z)ds' (1 - r - < ^(1 - (1 - — ^ 

Jo So £ ' so(l - r) 

< Csadj+i. 

This yields h-^\\d-^{b bo)\\i < Cso\\b\\i for fixed e > h. 
Proof of ii) 

By integration of inequality (|2.20p , we obtain for all j > 1 

W{z) rb,{s\z)ds' <C3o^d,{{l-T-^-^)-i -{I-tY 
Jq So 

<Cso4rf.(l-T--)"^ 

£J So 



7+1 



hence 
(2.23) 



1 - r 



So 



< Csgdj 



W{z) J bj{s',z)ds' (l 

For J = we obtain 

W{z) rbois',z)ds' <Cso(log(l-T)-log(l-T-M)y 
Jo ^ So / 



then 
(2.24) 



W{z) bo{s\z)ds' (l-T-^-^) <Csodo. 
Jo ^ So/ 

By the definition of || • \\e, inequalities l|2.23p and (I2.24p give the result. 
The proof of iii) is similar, and is left here. 



□ 
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Lemma 2.4. — There exists C > such that for all h e]0, e[ and 6^, b'^ € H 
(2.25) \\{d;'b'){d-'b')\\,<Csl\\b%\\b%. 
Proof. — Write 

oo c« ^ II 

k=oj=k ^° 



■sup|Ty(z)a7i6^2_^(s,z)|(l 



= c\\d-'b^.\\d-'b^^, 

and then by Lemma IT^ m) with 9 — 1/2, we deduce 

m'b'){d-'b')\\,<csi\\b%\\b%. 

□ 

Proposition 2.5. — Let S" e H"{l,B) be a real analytic function, and let 
a" e Ti'^lljB) be an analytic symbol. Then there exist sq > 0, a real analytic 
function S G 7i(so, I, B), and an analytic symbol a € 7i(soj K B), such that v = 
QgiS/h ^ formal solution of equation (|2.3p wif/i Cauchy data vq — a^e^^ . 

Remark 2.6. — By the Cauchy formula, the function v = ae^^^'^ satisfies for 
all /c e N 

(2.26) sup sup \{l-h^Af^\\<e-\'l 

\s\<so |Imz|<Z/2 

and 

(2.27) sup sup h^Af^^lvlP-^l <e-P^'^. 

\s\<so |Imz|<;/2 

This will be usefull in the sequel. 

Proof. — The proof is based on a fixed point argument in (7i, || • ||i). 

Set (fi = WS and differentiate the first equation of (j2.6p with respect to the 

space variable, then we obtain 



(2.28) 



dgifi = —2ip ■ \'ip — a;V/(ao) 

dgO — —2ip- Va — a divip + ihAa — (/(a) — /(ap)) , 



where a{s,z) — a(s,z) and f(b) ~ (bb) 2 

Differentiate the system (I2.28P with respect to s and obtain 
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(2.29) 



d1ip= — 2dsip ■ Vip — 2(/3 • Vdsf — ijj9sV/(ao) 

d^a — — 2ds(p ■ V — 2ip ■ Vdga — a d\vds'^ — dsO, divip + ihAdsa 




Write 



(2.30) 



( 



dsa^d-^id'^a)+dsa{0,-), 



and 



(2.31) 



a = d^^id^^a) + sdsa{0, •) + a{0, ■). 



Now introduce the new unknown function u = (111,112) = {dgip,d'^a). Hence 
we are lead to solving a system of the form 



We will show that for < sq < 1 small enough F is a contraction in a ball in 
{n, II • 111). Let i? > be such that 



MO, Olio, l|a.^(o, Olio, l|v^(o, Olio, l|v9,^(o, oilo, ||Aa,,^(o, oilo < R, 



\\a{0, Olio, ||a.a(0, Olio, ||Va(0, 0||o, ||V9,a(0, Olio, \\Adsa{0, 0||o, 
||(a - ao)(0, -j/hWo, ||9.(a - ao)(0, 0A||o < R- 



{d;\d;'v)id^ip) + sVdMo, + v^(o, 0) 

Then by (f^^ and (f^T^ 

Wds^y^Wi < s^||a,V||i||97'v(a,V)||i + R\\d;'dMi 

+R\\d;\d;'V)id'M\h + R', 

and by ((TTTll and ([2l8l) 

l|5.<^v^||i < slWd'Mll + soRWd'Mi + R^ 

(2.33) <sl\\dMl + R'- 



(2.32) 



u — 



F{s,u). 



and 



• Write 




ll¥>v9,(p||i<s^||a,Vll? + i?', 
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and 
(2.35) 

||a,^Va||i, \\ipVdsa\\i, ||adiva,^||i, ||a,adiv^||i < sl\\d^^ip\\i\\d^^a\\i + 

• We have 

(2.36) V9,/(ao) = Wd-^djf{ao) + Va,/(ao)(0, •)• 
By the Leibniz rule and (|2.13p 

\\d'j{ao)h < lia^^aollillaolir' + ||(5.ao)2||i||ao||g-^ 
From (P3T|) and f^J^ 

(2.37) llaollo < \\d;^d^,ao\\o + R< soUa^aoHi + R. 
Now use (P^U)) . l!^nE\i and ((TTSl) 

(2.38) ||(a,ao)^||i<,sg|ia%|l? + i?2. 

Finally, from ([OB]) . ([07)1 and ([QH]) we deduce 

(2.39) |!Va,/(ao)||i<So^||5^o|l7'+i?'^ <So^||a,^a||f^+i?^. 

• Write 

hAdsa = hd-^Adla + hAdsa{0, •), 

therefore by ((TTTl) 

(2.40) \\hAdsa\\i < so||9^^a||i + ^• 

• We now estimate the term ^^(/(a) — /(ao)). Observe that 

/(a) - /(ao) (aa)"^ - (aoo^)"^ 

= (aa- aoa^^)((aa)^ H h (aooB')'^), 

and 

aa — aaoo = (a — ao)a + (a — ao)ao. 

Then by 

(2.41) ||^(/(«)_/(«o))||,<||a.a^||i||a||r. 
Use (P3T|) to write 

d^a^^^[d;\d',a) + dMO,-)) 

l^a-ia-i ^Ka- Qq) , 9^(Q"Qo)(0,-) , (a-ao)(0,-) 

h ^ h 

then by Urm . (ina and dTTSl) 

(2.42) H9.a^^||i<(.o||aMli + fl^o)(||a7^ ^'^Y°°^ ||i + i^). 
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Moreover from ()2.17p we have 

(2.43) \\d~'^!i^^l\, < s,\\dMi. 
Therefore inequahties (fCTI) . ([TI^ and (fn^]) yield 

(2.44) ||^(/(a)„/(a„))||,<,g||a2a||? + i?^ 
• Similar arguments are used to show that 

(2.45) \\ld,{f{a)-fiao))h<sPJdM'i+R'- 

Inequalities dOS]) . ([Qi]) . ([OS]) . ^Ml, ^M), and (12:451) show that, 

if So > is small enough, there exists Ri > R such that F maps the ball of 
radius Ri (in {H, \\ ■ ||i)) into itself. 

With analogous arguments, we can show that F is a contraction in (H,\\ ■ ||i). 
Hence by the fixed point theorem, there exists a unique u — {d^ip, d^a) E HxH 
which satisfies (I2.32p . 

Let (<p°,a°) e HxH, and consider the couple {ds(p{0, ■),dsa{0, ■)) e HxH 
which solves the system (|2.28p at s = 0. Let u be the solution of (|2.32p with 
these initial conditions. Then with the formula (j2.3ip we recover the couple 
{(fi, a) which is a solution of (|2.28|) . Moreover, (|2.3ip shows that {(p, a) ^ Hxli.. 

Let 5'° e and take ip'^ = V5'°. The function ip (with Cauchy condition 
(p{0, ■) — ip*^) is irrotational, as it satisfies the equation 

dsip = ~2ip ■ Vip - ojVfiao). 

Therefore there exists S so that (p — V5 and which is solution of 

V(a,5+(V5)2+c^/(ao)) =0. 
Moreover, it is possible to choose S such that 

dsS+{VS)^ +Lof{ao) = 0. 

Now the formula 
(2.46) 

S{s,z)^ [ dsSia,z)da + S"iz)^- [ ■ ip + Luf{ao))ia, z)da + S°iz), 
Jo Jo 

shows that S ^Ti. 

Finally, we have shown the existence of a solution {S,a) E HxH of the system 
dsS+{WSf +uj\aQ\P'''^ = 0, 

dsa + 2VS ■ Va + aAS - ihAa + ^(laP-^ - laoT"^) = 0, 

h 

5(0, z) = S"{z) e n", a(0, z, h) = a°{z, h) £ H". 
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With a GronwaU inequahty, it is straightforward to check that S is real analytic. 

□ 

Remark 2.7. — The inequality ||i97^&||o < Cso||&||i fails, and that is the rea- 
son why we have to differentiate the system (|2.28p with respect to the time 
variable, before applying the contraction method. 

2.2. The general case of an analytic manifold {M'^,g). — 

Let {M'^,g) an analytic Riemannian manifold of dimension d. We assume 
moreover that g is analytic. Let m e AI"^. Then there exist a neighbourhood 
U C M'^ of TO, a neighbourhood V C M'' of 0, and an homeomorphism 

(2.47) k:U — >V. 

In the chart {U, k) the metric g can be written 

ff= ^ gjk{x)dxjdxk, 

l<j,k<d 

where G = (gjk) is a positive symmetric matrix and analytic in V. 

In these coordinates, we have the explicit formula for the Laplace-Beltrami 

operator 

1 



Ag ^ Ag{x) = divfVdetG V • ) 

VdetG 

where (g-'*^) — G^^ . Every function involved in the former expression is ana- 
lytic. 

We now make the rescaling (12. ip . The function 

v{s, z, h) = hr^u{h'^s, hz), 

satisfies 

(2.48) ihdtv{s,z) + h^A{hz)v{s,z) ^Lj\v\P-\{s,z), (s, z) e R x Ti^^V. 

We now adapt the analysis of Section [5] to the equation (I2.48p . in h^^V instead 
of R''. 

Let r > such that 

(2.49) B(0,2r)cV. 

Notice that on the set {(|Sz| < r) n (|Im z\ < I)}, the coefficients of Ag are 
uniformly bounded with respect to ?i, as well as their derivatives. 
Here again, we want to find a formal solution of ()2.48ll of the form 

vis,z,h) = ais,z,h)e'^^'''^/'' = ( ^ a,(s, z)/i^)e^^(^'")/''. 

j>0 
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Therefore {S, a) has to satisfy the system 
r dsS+{WgSf+uj\aor^^O, 

(2.50) ldsa + 2WgS • Vg a + a AgS - ihAg a + ^(|a|P-^ - \ao\P-^) = 0, 
[ 5(0, z) = 5"(z), a(0, z, /i) = a"(z, /i), 

with Vg = Vg(nz), Ag = Ag(fe) and where ^(O, z, /i) a"(z, ft.)e*'5'"(^)/''. 
For h> Q smah enough, denote by 

Vn = < So} X {{\hz\ < r) n (|Im z| < 0}, 

and by Tifi — T-lh{so,l,r, B) the space of the analytic symbols h{s,z,h) = 
J2j>obji^' ^)^'' (^^^ Definition 12. ip satisfying 

\W{z)bj{s,z)\ < AB^jl on P^, Vj > 0. 

Define also = Wri(0, r, _B) the space of the initial conditions. 
Let e < 1/B. For < 6* < 1, we endow Hhiso, I, r, B) with the norms 

— sup sup sup|W^(z)&j(s,z)| 1-T 

j! 0<r<l |s|<so(l-r) \ SqI 

where F^ = {(|ftz| < rr) n (|Im z| < It)). 

Now it is straightforward to check that the results of Lemma 12.21 Lemma 12.31 
and Lemma YTM hold when || • jje is replaced with || • and that the constants 
involved in the estimates do not depend on h. Notice that the boundedness of 
TDfi with respect to the variable \hz\ is dealt with in exaclty the same way as was 
done with the boundedness with respect to |Im z|. This yields the following 
analog of Proposition l2.5l 

Proposition 2.8. — Let 5° e HKl^r^B) be a real analytic function, and let 
a" e 7i^j(/,r, B) be an analytic symbol. Then there exist si > independent 
of h, a real analytic function S € 7ifi.(si, Z, r, S), and an analytic symbol a £ 
Tihisi, I, r, B), such that v = ae'^^'^ is a formal solution of equation (|2.3p with 
Cauchy data vq — a"e*'^ 

Remark 2.9. — Proposition 12.51 is contained in Proposition 12.81 In the case 
(M'', g) = (R'^, can), r = +oo and HnisiJ, r, B) = H(si, Z, B). 

We are now able to construct an approximate solution of the problem (|2.48p . 
Let Co such that cq/H =: n E N. Define 

a^"\s,z,h) = aj{s, z)h\ 
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and 



(2.51) 



app 



(s,z,/i) = a(")(s,z,/i)e'^("'^)/''. 



where the aj 's and S are given by Proposition 12.81 The choice of the initial 
condition Wapp(0, z, h) wiU be made in Section |4l 

We now show that if cq is small enough, Wapp is a good approximation to the 
problem ((T^ . 

Proposition 2.10. — Let si > &e given by Proposition \2.8i If cq ^ 1, 
there exists > such that the function Vapp defined by (|2.51|) satisfies 

(2.52) ihdsVapp + h^AVapp = Oj{VappV^)'^ Vapp + c^^^^^g, 

with Vapp — Vapp{s,'z) and where g is an analytic function on {\s\ < si} x 
|(|?iz| < r) n {\Im z\ < Z)} such that for all fc G N, there exists Ck > 
independent of h so that 

(2.53) sup sup \\il-h^A)''/^g{s,- + iImz)\\L2(^B{o.r/h))<Ck. 

\s\<si \Imz\<l/2 

Here we have used the convention that B{0, r/K) = K.'' if r = +oo. 

Proof. — Denote by /(&) — (bb)^^ , with b = b{s,z). The function Uapp 
satisfies the equation 



ihdsV^pp + K^Av^pp - ujf{vapp)v^pp 
= -a(") {dsS + {VSf + w/(ao))e^^/'' 



(2.54) 




For m = n, n + 1 write the expansion in h 



(m) 



pm — 1 



(2.55) 




By construction the following system is satisfied 



(2.56) 




Notice that 



(2.57) bj^n = bj^n+i for all j < n — 1. 



Therefore by (P37|) and (jTsS]) . ((TMl) rewrites 
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+ h^Av^pp - U;(i;app^app) ""^ '^^app 
n pn — 1 

= ih{ - ih"+^ Attn - bj^n+ih^ + bj^rih^)e^^'^ 

pn—1 

(2.58) = (/i"+2Aa„ - M'+^hn,n+i +ihY hj.nh')e''^''' . 

j=n 

We now estimate each term of the r.h.s. of (|2.58p . By (|2.55p we have 

ilH \-ip=j 

with af^ = or (^l = a^. 

Now by (mH), \a^J<B'^{ik)\e~\'\, thus 

(2.59) h\b,,n\<B^(^ J2 (n)! •••(*p)! +j!)e-Pl^l <i3^j!e-Pl^l, 

■ilH hip =i 

and by the Stirhng formula, 

e 

we deduce from (I2.59P 

1 pn—1 

< (p- l)n(B/i)f"(pn)!e-fl^l 

COP 

as we have n = co/ft-. Now choose cq < e/{Bp), then there exists (5 > such 
that 

pn—1 pn—1 

Similarly, for some S > 

|/i"+'6„,«+i| <e-^'/"e-l^l, 
|/i"+2Aa„| < e-^/'^e-l^l. 
Finally use that the function (j) : (Rez,Imz) i — > g-IRcz+iimzi satisfies 
sup ||(?!)(-,Imz)||i2(B(o,r/?i)) < 1- 

|Imz|</ 
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We have therefore proved the estimate ()2.53p for fc = 0. 
To treat the case fc > 0, use the Cauchy formula to obtain 

sup sup |(1-/i2A)'=/2^j| < sup sup |aj| < B^j!e-I^l, 

|s|<si |Imz|<//2 |s|<si |Imz|</ 

and 

sup sup |(l-/l2A)^/2g»SA| < 
|s|<si |Imz|<//2 

and we can easily adapt the previous computations. □ 



3. Validity of the Ansatz 

Proposition 3.1. — Let Vapp be the function defined by ()2.5ip . Let v be the 
solution of 



(3.1) 



j ihdsv + h'^Av = uj\v\P-^v, (s, z) e 

I v{0,z) = Vapp{0,z). 

Then there exist S2 > and 62 > such that for all k N 

sup \\{l-h^A)''^\v-Vapp){s)\\mBiO,r/n)) < CkC-'^/^ 

0<S<S2 

with Ck > 0. 

Proof. — It is given in [11, , but we reproduce it in the appendix. □ 
We are now able to define the Ansatz to the equation (jl.ip . 

In the case {M'^,g) = (M'',can), we consider the function Uapp given by (|2.5ip 
and define 

(3.2) Ui,pp{t,x) = h^v^pp{h~°'t,h~'^x), 

where 7 and a satisfy the relations (12. 2p and h = h^. The initial condition will 
be given in the next section. 
From Proposition 13. II we deduce 



Corollary 3.2. ~ (The case {M'^.g) = {W^, can)) Let S2 be given by Propo- 
sition [3A\ let Uapp be given by (|3.2p . and let u be the solution of 

{ idtu + Au^uj\uY'-^u, (t,x)em}+'^, 

y u{0,x) = Uapp{0,x). 

Then for all k £ N 

11" — UappW L=o (^[o^n^s^^-H'' {W)) * O7 

when h > 0. 
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In the general case of an analytic manifold {M'^,g), we have to construct an 
approximate solution supported in B{0, r) C U. 
Let X e C(f (M), X > 0, such that 



(3.3) x(e) 



1 for|e|<r/2, 
for 1^1 > r. 

Let < 77 < 1, let Wapp be given by (|2.5ip and consider 

(3.4) u^{t, x) = rx(?i~''|a;|)fapp(?i-"i, h^^x), 

where 7 and a are given by the relations (|2.2p . and h = . 
We have 

suppUappC{(t,2;) : < r^i"}, 

which concentrates in a; = 0. 

Hence if h is small enough, Uapp is supported in V, and we can transport this 
function to U by the chart k (see (|2.47p ).We therefore define the approximate 
solution u*pp of by 

(3.5) u^' — 



app 



(3.6) 



In the following we write Uapp = ""app. 

Then, as Wapp is compactly supported, it can not be analytic. We now consider 
all the functions only with real variables. 

Up to now, we did not use the rate of decrease of the weight introduced 
in (|2.1ip . but it is needed now because of the truncation. However, because of 
the error e^'^/'^ induced from this cutoff, we obtain the following weaker result 

Corollary 3.3. — (The general case) Let §2 he given by Provosition \3. 11 let 
Uapp be given by p.4p . and let u be the solution of 

i idtu + /\u^uj\uf~^u, (i, a;) e R X M'^, 

I m(0, x) = Uapp{0, x). 

Let K > such that (3 + rj ^ k < 1 . Then for all k G N 

\\u — Uapp||L°°([0,;i° + ''S2];-ff''(Jl-f'')) ^ 

when h > 0. 

Proof. — Let k > d/2 an integer, and set 

\\f\\Hp^ = \\{l-h'^f'+'^Af'f\\,.^,,.y 

With the Leibniz rule and interpolation we check that for all / e H^{M'^) and 
g e W^'^iW^) 

(3.7) WfgWui < WfWH^Jgh^iM^) + ll/llL^(Af^)ll(l - h^'^'^+'^A^'gW^^^M^y 
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Moreover, as fc > d/2, for all /i, /a G H^{M'^) 

(3.8) \\hf2\\H^^<h-^'^'Hh\\Him\H^^ 

The function Mapp satisfies 

idtUe^pp + AUapp = w|Mapp|''~^-«app + e'"^'' " q, 

with 

h 

Let w be the solution of p.6p and define w = u — Uapp- Then w satisfies 
(3.9) 

J + Aw = a;(|w + Uapp|^"^(w + Uapp) - Iwapp^^^Uapp) + e^""^^ 'g 
\ w{0,x) = 0. 

We expand the r.h.s. of ([3Jll . apply the operator (l - ^^(/J+i)^^''/^ to the 

equation, and take the L^- scalar product with (l — fi,^(''+^)A)'^^^ui. Then we 
obtain 

(3.10) ^IkllHj <Ell«^-''<p7llH,^+e-^/''"". 

We now have to estimate the terms \\w^ u^p^Wj^k, for I < j < p- From (13. 7|) 
we deduce 



KppWnjl ^ l|w'^llHjlKppllL-(Af<i) 



(3.11) +||u;^L.(M^)||(l-?i2(/5+i)A)"^^<-p^|l^^(^,.). 
By (I3.8p . and as we have 

(3.12) ||uPpp^|U.(M.) < h'^^''-^\ \\{l-h'^^+'^Af\l;^\\r^^^M^^ < 
thus inequality ()3.11|) yields 

Therefore, from (|3.10p we have 

Observe that |jw(0)|| rrfc = 0. Now, for times t so that 

h 

(3.13) MH^<h^+^^+'^', 

h 

we can remove the nonlinear term in (|3.11p . and by the Gronwah Lemma, 

(3.14) II^^IIh'^ <e-^/''"''e^''""'"''*. 
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By (HH]), a = 2 + /? and 7(p - 1) = -2(/3 + 1), thus for all < < < 52^"+", 

and if /? + r/ — K < 1, the r.h.s. in (|3.14p tends to 0. Then the inequality (|3.13p 
is satisfied for all < i < 52^"^", and with a continuity argument, we infer 
that (PH)) holds for < t < S2?i"+'*- 
Finally, 

for < t < S2fi°'^'^, when h — > 0, what we wanted to prove. 

□ 



4. The instability argument 

We have now the tools to show our main results. 
We consider Cauchy conditions = a'^e'^^ 1^ of (|2.3p which do not oscillate, 
i.e. such that S*" — 0. We have seen in the previous section, that for some 
analytic amplitudes a", the solution writes v = a&^^l^ and therefore oscillates 
immediately with magnitude ^ ^. 

Let X be given by p.3p and a° G 7Y'^(Z, _B) nontrivial (for instance a"(?/) = e~^ ). 
Now set 

(4.1) u'^^ix) = rx(^"''l«(^)l)a"(^"''*(a;)), 

as initial data for (|l.ip . 

Then we have the Ansatz (IT^ . (j^ . 

(4.2) 7.app(t, a;) = n^x(ft"''k(a;)l)a(?i""i, n-lK(:E))e'^(^"°*^'^"''^(-))/^ 

with Wapp(0, •) = Uq. 

For < Co ^ 1 satisfying Proposition l2.10[ set 

n 

with n G N, and this induces the sequences in the statements of our main 
results. In particular 

supp C {(<, a;) G R X M'' : \k{x)\ < rff}, 

and hence we can choose 

r„ = max |K~"'^(x)|g — > 0, 

\x\ <rh^ 

in Theorems 11.21 and 11.31 Here we have assumed m — 0, reduction which is 
always possible. 
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4.1. Proof of Theorem [Ol — 

Let < e < 1 and define 

(4.3) <5, = n^/5iogi^i/,Mogi 

which tends to with h. This choice will become clear later. Consider 

(4.4) = (1 + Sh)u^, 
and the associate function u^p. 

In all this subsection we take 



7 

' p+l 

This is the right parameter 7 so that Wapp and are normalized in (M'^) 



uniformly for h G]0,e[. 

Lemma 4.1. — Let p > {d + 2)/{d — 2) be an odd integer, and let Uq,uq^ be 
defined by gH), g3). Then 

H+iu'i)<l, H+i^ro')<l. 

There exist vq > and qq > p+l, such that for allO < v < i'q and p+l < q < qo 

(4.5) \\uq -u^''\\Hi+-^{Aid), \\uq -u^''\\li{M'') — > 0, 

when h — > 0. 

Proof. — We make the change of variables y — h^^K{x), then 

J \y\<rh-'^ + i 



h'^+'^-'l |Va°(j/)|'d2/, 



as < 77 < 1. 

As 27 + d - 2 = -2d/{p +l)+d-2>0 when p > 2d/{d - 2) - 1, it follows 
that 

l|VwSlU2(M.) for 

Compute 

By definition {p + 1)7 + d = 0, hence ||wQ|jip+i(Af<i) remains bounded when h 
tends to 0, as well as H^{uq). 
Similarly, ir+(uH'') < 1- 

By the definition (14. 3p of 6h we also have for all > 
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The terms in tend to if 

d 

But, by and as p > (d + 2)/(d- 2), 

7+2>l, 

hence we can choose I'o — e(3 in the statement. 

The proof of the other part is similar. □ 

Proof of Theorem \1.2\ — The statements (|1.5p , (|1.6I) and (jl.Sp have already 
been proved in Lemma l4. II 

Let < e < 1 which appears in ()4.3|) . and set Sh = h^~^ = fi''^^"'^' and 
th = n"s/i = ^"+'^(1-^). Denote by S* = S{h-°'th,h-^ k{x)) and by & = 
x{'ti~'^'\K{x)\)a{hr°'th,'hr^K{x)). Then we have 

(4.7) > n-'llfele^t^-^)/'' - 1)\\l.^.(u) ~ K^Wh-hWL^^^ijAY 

We now estimate the l.h.s. terms of (|4.7p . 
First compute 

From the well-posedness of ()2.6p . we deduce 

11(6- 6)(s,,, •)||Lp+i(?i-iv) — > 0, 
where si is given by Proposition 13. II 
Hence 

(4.8) n^||(fe-6)(n-"tft.,?i-i^(-))|lLp+i(i/) ^0, /i^O. 
Secondly, a Taylor expansion near s = shows that 

(4.9) (5- 5)(s,,2;) ~ -c.(p- l)^,s^(x(?i^i-''|y|)a"(y))P-\ 
Now observe that 

^h&h , 1 

We then deduce from (|4.9p that for aU |?;| < 1, 

limsup|e^(^-'^)/'') - l| = 2, 

and as K*\^h{s-h^hr^ k(x))\i^v^^(u) ^ Ij wc obtain 

(4.10) limsup?i^|16(e*(^-^)/'' - 1)|Up+i(w) > c. 
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Thus, according to and KTU\i 

(4.11) limsup ||(uapp - iSJip)(ih)||Lp+i(M'') > c 
Finally, if we denote by LP+^ = LP+^{M'^), 

\\{U - u){th)\\Lp+l > IKWapp - U^p){th)\\LP+^ - IK" - Ue,pp) {th)\\LP+^ 

(4.12) -||(u-lVp)(t,.)|Up+l. 



If £ > is chosen small enough, we can apply Corollarv l3.31 with k ~ {1 ~ e)f3, 
with yields \\{u — Wapp)(i/i)||LP+i, ||(w - u^p){th)\\Lp+^ — * with h, and thus 
from ([4T0| and (|4T^ 

limSUplK?^ - M)(t;i)|lLP+i > limsup IKwapp - liIii)(i/i)|lLP+i > c, 

which concludes the proof. □ 

4.2. Proof of Theorem [m — 

Here we deal with the case {M'^,g) — (]R'^,can). 

Let /3 > and -/{p - 1) = -2(/3 + 1) as prescribed by JHH). Let < a < 
d/2 -2/{p- 1) and 

Consider Wapp defined by (|4.2p and let S2 > be given by Proposition [Hill 
Then, according to Corollary 13. 2) the solution u of (jl.ip with initial condition 
u(0) = Uapp(O) satisfies for all fc G M 

\\{u-Uapp){th)\\Hk(R'') — ^ 0, h — * 0, 

with th — h°'s2- To prove that u satisfies (jl.lOp and (ll.ll|) wc only have to 
check that 

||Mapp(0)|l_y<.(M<i) -> and \\Uapp{th)\\HP(R'i) ^ 

To begin with, 

(4.13) happ(0)|U.(K.) ~ ^i^-^+'^Z^^ 

Then, use the equations (|2.6p to observe that aV5(s2, •) ^ 0. Hence 

(4.14) ||«app(ih)||//.(K^) ^ n^-(/'+l)''+<^/2. 

By (|4.13p and (|4.14p . we only have to show that we can choose /3 > so that 

(4.15) 7-cr + d/2>0, 

(4.16) 7~ (/3 + l)p + d/2 < 0. 
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Let e > such that 

(4.17) a <d/2-2/{p-l)-e, 

(4.18) p > , '^^^ , 

and take 

(4.19) + 
Therefore by (|i?T71) and ((11^ we obtain 

(4.20) f3 = -P-lj-l = -P-l{a-d/2 + e)-l>0. 

Moreover, with the choice (|4.19p . inequaUty (|4.15p is satisfied. 

FinaUy, using the relations (|4.19p and (I4.20p , we deduce that (|4.16p is equivalent 

to 

1 , ,,„s cr + £ 



which is satisfied by (|4.18p . 

4.3. Proof of Theorem [TTH — 

Assume here that (Af*, g) is an analytic riemannian manifold with an analytic 
metric g. 

Consider the function Wapp defined by (|4.2p and let S2 > be given by Propo- 
sition 13.11 

Let K > such that P + rj — k < 1. Denote by th = h°'^^S2, then by Corollary 
13.31 the solution u of (11. ip with initial condition u(0) = Uapp(O) satisfies for all 

fc e E 

(4.21) \\{u-u^pp)ith)\\H>'{An — ^0, h — ^0. 



• Let 

..^^N d 4 d 2 
4.22 < o- < t: 7- 

Choose e > so that 

d 2 



(4.23) a< 

2 p — I 

and define 

7 = cr - d/2 + e, 

thus 



-^l-l = -^{a-d/2 + e)-l. 
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Then by KTIji and < (3 < 1. Choose now 77 > so smah that 

< /3 + 1] < 1. The convergence (|4.2ip then follows with i/, = h°'s2- 
Finally 

lkapp(t/.)|U.(K.) ^ +00, 

for 

which was to prove. 

• Assume here that < ti < | — ^j^y. For /3 > and e > 0, take k = /? — 1 + 2e 

and 7^ = £, so that /3 + 77 — k=1 — £<1. Then (|4.2ip holds and 

(4.24) 

ll«app(0)||H^(K.) ^ and happ(t/0||if.(E.) ^ 

Define 7 = ct — (i/2 + e, then 

/3 = -^7 - 1 = -^('^ - d/2 + £) - 1 > 0, 

and 

||"app(0)||ij^(Rd) — >0 when h — > 0. 
The second term in (|4.24p tends to +00 when 

7 + d/2 _ c7 + e 
" 2(l-e)' 

which concludes the proof, as e > is arbitrary. 



A 

Appendix 

Here we reproduce a part of the work of P. Gerard [11] . 

Proposition A.l. — Let r > be given by (j2.49p . Let Vapp be the function 
defined by (|2.5ip . and let v be the solution of 

j ihdsv + h'^Av = lu\v\p-^v, (s, z) e M^+'', 

I v{0,z) = Vapp{0,z). 

Then there exist S2 > 0, A > and 62 > such that v can be extended to a 
continuous function on [0,52], holomorphic-valued on {{\hz\ < r) fl (|Jm z\ < 
A)}, and so that for all k E N 
(A.l) 

sup sup ||(l-/i2^)'=/2(w-u„pp)(s,.+i/mz)||i2(H(o,rM)) < CfeC 

|s|<S2 |/m2|<A 

with Ck > 0. 
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Proof. — Let 

Then fi=v — Uapp satisfies 

(A.2) ihdsh + ^'A/i = F{s, z, h,h) + r^, 

where F stands for 

F{s, Z, /2, h) = tj((Wapp + /2)^(tVp + /a)^ - (Wappt^)^Wapp), 

with 7(s,z) = /(s,z). 

We now show, that for S2 > and A > smaU enough, there exists a solution 
/i of (|A.2p such that f{s,z) is continuous on [0, S2], hofomorphic-valued on 
jlm z\ < A, and exponentially decreasing in h: There exists (5 > so that for 
all A: e N 

sup sup \\{l-h^A)''^^fi{s,-+ilniz)\\L2^B{o,r/h))<Cke-^^''. 

0<s<S2 |Imz|<A 

This will be done thanks to a fixed point argument. 
For < A < ; and k > d/2, set 

sup ||(l-/i2^)'=/2/(- + iIm 

Imz|<A 

Let si > be given by Proposition 12.81 Let also 5 > and S2 S [0,si]. If 
/ — f{s,z) is continuous on [0, si] and analytic on |Im z\ < A we set 

Nh{f,S2)= sup e'^'-^^/''\\f{s)U. 

0<S<S2 

By the Sobolev embeddings, we have 

sup sup \f{s,z)\ < Nh{f,S2)e^'^ . 

s<S2 |Im z\<\ 

By Proposition 12. 101 we can choose 5 > 0, A > and K > so that 
(A.3) 

ll/i(0)|U < -ftTe"'^, Nh{rh,si)<K, and sup sup |wapp(s, z)| < if. 

s<si |Im z\<X 

Now use that 

(A.4) II/5II/. </i"'ll/ll/.||5ll/M sup \\f{s)U<c-^N^,{f,S2), 

S<S2 

to deduce that for all L > 0, there exists Cl > and ft.^ > so that ii h < hi 
and Nh{f, S2) < L, the following estimates hold 

(A.5) \\F{s,-J{s),h)\\h<CL\\fmk. 
and 

(A.6) \\F{s,;fi{s),h)-F{s,-j2{s),h)U<CL\\fi{s)-f2{s)\\h. 
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Let L > to be chosen and h < h^. For / such that Nfi{f, S2) < L, let w be 
the sohition of 



(A.7) 



ihdtw + h?l\w — F{s, z, /, h) + rh, 
«;(0) =/i(0). 

The usual L^-estimates for the Schrodinger equation and (IA.4P yield 



(A.8) \\w{s)U < WhmW + \[ {CL\\f{T)\\H + ||r„(r)||,)dr. 
Now use the exponential decrease of the norms || • to obtain 
\ ril/(r)||.dr<^Ar,(/,,,)e^a-^)A. 

Then, with (|A.3j) . we deduce from (jA.Sp 

(A.9) Nh{w, S2) < K{1 + ^) + ^CLN,,{f, S2). 

Now &x L > 4K and S2 < min (si, e/2, e/(4CL)), by (|X9|) we obtain 
Nhiw,S2) < L. 

We have proved that the application / i~> w, induced by the equation (IA.7|) . 
maps the ball {/, Nh{f,S2) < L} into itself. Finally use (|A.6p to show that 
this application is a contraction. Hence (|A.2[) admits a unique solution /i, 
which satisfies the estimate (lA.ll) . □ 
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